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The generalized Petersen graph P(n, k) has vertex set V= {u,,, ul, . . . . u,- ,, 
00, Vl, a.., v,-r} and edge set E= {u,u,+r, u,v,, v,v,+~~ for O<i<n- 1 with indices 
taken modulo n}. The classification of the Hamiltonicity of generalized Petersen 
graphs was begun by Watkins, continued by Bondy and Bannai, and completed by 
Alspach. We now determine the precise number of Hamiltonian cycles present in 
each of the graphs P(n, 2). This more detailed information allows us to identify an 
infinite family of counterexamples to a conjecture of Greenwell and Kronk who had 
suggested a relation between uniquely 3-edge-colorable cubic graphs and the 
number of Hamiltonian cycles present. 0 1989 Academic Press, Inc. 
1. ENUMERATION OF HAMILTONIAN CYCLES 
The generalized Petersen graphs P(n, k) consist of an outer n-cycle 
UOU~U2”‘U,- 1, a set of n spokes uivi, and n inner edges vivi+k with indices 
taken modulo n. The standard Petersen graph is the instance P(5,2). We 
shall take the point of view that P(2k, k) is a multigraph with double edges 
joining ViVi+k so that all graphs in P(n, k) are cubic. Watkins [9] intro- 
duced this generalization and determined that P(2, n) is non-Hamiltonian 
if and only if n - 5 mod 6. Bondy [3] continued the effort showing that 
all the graphs P(n, 3) are Hamiltonian. Then Bannai [2] found that 
for 4 < k < n/2 and relatively prime to n the graph P(n, k) is again 
Hamiltonian. Alspach [ 1 ] completed the classification by showing that, 
even when 4 < k < n/2 is not relatively prime to n, the graph P(n, k) is 
always Hamiltonian. The final result is reported in Chartrand and 
Wilson[4]. In the present article we shall restrict our attention to the 
graphs P(n, 2) and determine the precise number of Hamiltonian cycles for 
each instance. This refined knowledge will permit us to identify an infinite 
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family of counterexamples to a conjecture of Greenwell and Kronk [6] 
which is reported in the survey article of Fiorini and Wilson [S]. These 
counterexamples have also been found by Thomason [S]. Let F,, denote 
the Fibonacci number defined by F0 = 0, F, = 1, and F, + 1 = F, + F, _ 1. 
THEOREM 1. For n > 3, the number of Hamiltonian cycles in P(n, 2) 
depends on the congruence class of n mod 6. 
For n = 0 or 2 mod 6 there are 
Z&2+2-Wl,2-2-2 Hamiltonian cycles. 
Forn=lmod6 
Fern-3mod6 
there are n 
there are 3 
Hamiltonian cycles. 
Hamiltonian cycles. 
FornE4mod6 there are 
n+wl,2+2--2F,,2-2 - 2 Hamiltonian cycles. 
Forn=Smod6 there are 0 Hamiltonian cycles. 
ProoJ: Our approach closely follows Bondy [3]. Any Hamiltonian 
cycle must include an even number 2t of spokes with t outer paths alter- 
nating with t inner paths. Consider which paths P, (with length m - 1) can 
appear on the outer cycle. For m 2 5 and odd, the path u1u2u3 .e. u, 
forbids spokes UiUi for 2 < i< m - 1. This forces edges u1 u3u5 .. . U, to 
appear which prematurely closes the cycle under consideration. Since m = 1 
is impossible, we note that the only odd index possible is m = 3. Moreover, 
the path u1u2u3 forces the extension ~~~u~~u~u1u2u3u3v~~~~ and the path 
“‘U(3U2U4”’ to appear. We call this extension open because the leads 
diverge from one another. For m 2 4 and even, the path u1 ~2~3 . . . u, is 
possible, but only if it extends to ...u,+~u,,-~ ***u~uIu~u~*** 
U,U,U,-2”‘U2U~” having crossed leads (so called because the leads 
weave past one another). In contrast, for m = 2 the path u1 u2 has four 
possible extensions (Fig. 1). 
First consider the odd values of n. This forces at least one outer path to 
be P, = u1 ~2~3. Next observe that the required P, and its forced open 
extension . . . u -1u1uIu2u3~3u5”’ are incompatible with a neighboring P, 
with m 24 and even. But P, is compatible with another P, or with 
P2 = u4u5 provided we select the only compatible extension having left 
leads: 
We see that the outer paths must consist of one of two possibilities: 
(a) A single P, with right leads followed by a number of P,‘s and 
ending with another P, with left leads. Since n is odd, we must use an odd 
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~-1~1~1~2~2~4 (open leads), v3v1ulu~v~vo (crossed leads), 
v~1vlu1u2v2vo (we call this left leads), and ~3~1~1~2~2~4 (we call this right leads). 
FIG. 1. The four possible leads for P2 = u I u2. 
number of P,‘s. This provides a possible Hamiltonian cycle for each value 
of n = 1 mod 6. The terminal P,‘s can be rotated to any of n different 
starting positions to give n different Hamiltonian cycles. 
(b) Nothing but t copies of P,. Again the choice of n odd forces t to 
be odd which gives a solution if and only if n = 3 mod 6. This diagram can 
be rotated to only three different starting positions to produce three 
Hamiltonian cycles. 
For n = 5 mod 6, there is no compatible way to extend the required P3 
to complete a Hamiltonian cycle. Consequently there are no Hamiltonian 
cycles for this congruence class. Thus, we have handled all the odd values 
of n. 
For n even, we first ask if any P,‘s may appear. Of course, an even 
number must appear to account for an even number of vertices. Then case 
(a) above leads to n possible Hamiltonian cycles when n = 4 mod 6. This 
accounts for the first term in the theorem for this congruence class. The 
other terms will be explained in the next paragraph. The case (b) above 
suggests the possibility of an even number t of P,‘s and nothing else. 
However, in this case the forced extensions combine to give a pair of 
n-cycles rather than a single Hamiltonian cycle. Thus no Hamiltonian 
cycles with n E 0 mod 6 may use any P,‘s. For n = 2 mod 6 we do not even 
have a candidate arrangement using P,‘s. 
It remains to determine the number of Hamiltonian cycles for even 
n = 2ja 6 using only even paths. Each P, with crossed leads must be 
preceded and followed by a P, with open leads. Thus, we may think of the 
cycle as containing a list of P,‘s with crossed leads and m 2 2 and even, 
alternating with P,‘s with open leads. To ease the enumeration, think of 
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each crossed P, as being glued to its right-hand neighboring P,. Thus, we 
must insert t dividers among n points arranged about a circle with dividers 
separated by an even number of vertices exceeding 3. Equivalently, group 
the vertices into n/2 = j neighboring pairs. Since there are two ways to 
accomplish this pairing, we shall have to multiply the count produced by 
2 after we find it. Insert the dividers to separate any number (that is, odd 
or even) of pairs provided that at least two pairs must occur between con- 
secutive dividers. To count the number of ways to insert the dividers, first 
imagine the circle broken at an arbitrary spot. Next select a set of non- 
consecutive divider positions from among the j positions available. It is a 
standard combinatorial exercise to show that (assuming that we allow the 
empty selection as one of the choices) this can be done in Fj + 2 ways. This 
can easily be verified by induction. However, the empty selection is not per- 
mitted in our problem, so the appropriate count is corrected to I;;.+ 2 - 1. 
But how many of these choices include both the first and the last possible 
positions for the dividers leading to illegal consecutive dividers when the 
circle is reconstructed? Removing the two extreme dividers as well as the 
enforced vacancies neighboring them leaves a string of j - 4 positions in 
which a selection of nonconsecutive dividers has been placed. This time the 
empty set should be allowed, so the correction term is FjM2 giving the 
count of Fj+2-Fj-2 - 1. Finally, recall that we must multiply by 2 to 
adjust for the two ways to accomplish the pairing and note that j = n/2 to 
obtain the formulas stated in the theorem. The formulas can also be 
expressed in terms of the golden ratio and its conjugate root, namely, 
2. UNIQUELY ~-EDGE-COLORABLE GRAPHS 
A graph G is called uniquely k-edge-colorable if k is the minimum number 
of colors in a proper edge coloring of G and there is a unique partition of 
the edges induced by any k-coloring. In other words, every proper coloring 
is the same apart from the permissible permutations of the colors assigned 
to the individual classes of edges. Paths and even cycles are the only 
uniquely 2-edge-colorable graphs. Thomason [7] proved the for each k 3 4 
the only uniquely k-edge-colorable graph is the star K,,,. This leaves the 
case k = 3 as the only instance with nontrivial examples of uniquely k-edge- 
colorable graphs. We shall restrict our attention to cubic graphs, that is, 
regular graphs of degree 3. An excellent survey of edge-colorability has 
been written by Fiorini and Wilson [S]. 
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Greenwell and Kronk [6] first observed that if a cubic graph is uniquely 
3-edge-colorable, then it must have precisely three Hamiltonian cycles. 
Briefly, they noted that the union of any two color classes must be regular 
of degree 2, and so a union of even cycles. If more than one cycle is present, 
we could switch the two colors on just one component to create another 
proper coloring. Thus uniqueness implies that each pair of colors induce a 
Hamiltonian cycle. Any additional Hamiltonian cycle would surely provide 
new coloring of G, so we conclude that G has precisely three Hamiltonian 
cycles. This led them to state the converse as a quite plausible conjecture. 
Conjecture. Every cubic graph with precisely three Hamiltonian cycles 
must be uniquely 3-edge-colorable. 
Our result from Section 1 directs our attention to an infinite collection of 
counterexamples which were also previously noted by Thomason [S]. 
COROLLARY 2. For each m 2 2, the graph P(6m + 3,2) has precisely 
three Hamiltonian cycles but is not uniquely 3-edge-colorable. 
ProoJ For n = 6m + 3, the theorem assures that there are precisely 
three Hamiltonian cycles. For the triangular prism P(3, 2) the unique color 
pattern is clearly forced. 
Fiorini and Wilson [IS] have already observed that P(9,2) is likewise 
uniquely 3-edge-colorable. In fact they have conjectured that it is the only 
nonplanar cubic uniquely 3-edge-colorable graph. For completeness, we 
shall verify the uniqueness of the coloring. Each color class must include an 
odd number of spokes so that there remain an even number of vertices on 
the outer cycle to be incident with that color. Since there are nine spokes, 
either some color uses only one spoke or every color uses exactly three 
spokes. If uouo is the unique spoke, then edges u1 u2, u3 u4, u5 us, u7 us, u2 u4, 
U6U8, UlP3, and u5u7 are forced to complete the color class. But removing 
these leaves One Component a hyde: ug uOU1 V 1 08. since it iS impossible t0 
assign these tive edges to the other two classes, it is impossible for a color 
class to have just one spoke. For three spokes in the color class, there are 
only three potential patterns that allow the placement of three edges along 
the outer rim: u~z)~, u1 ul, u2v2, or uovo, vh, w4, or uovo, u3v3, u6v6. 
Every other pattern is just a rotation or reflection of one of these. But the 
first two cannot be completed to form a perfect matching. The third choice 
leads to the color class E1 = {uovo, U3V3, UgVg, U1U2, U4U5, U7U8, V8V1, V2V4, 
vgv7 >. Now the remaining edges form one of the Hamiltonian cycles which 
induce the colors E, and E3. We find that E2 is obtained by adding 1 to 
each index in E, and E, is obtained by adding 2. Thus P(9,2) is seen to be 
uniquely 3-edge-colorable as reported. 
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From this point on the characteristics of P(6m + 3,2) change. The 
analysis is slightly different for n - 3 or 9 mod 12. For each P( 12r + 3,2) 
with Y 3 1, selecting the first color class to have just one spoke leads to a 
unique selection for the rest of that class. The remaining edges comprise a 
single 14-cycle and 3r - 1 disjoint &cycles. Any alternating selection of 
edges for the other two classes produces a proper 3-edge-coloring. But 
swapping colors on one cycle while keeping the others fixed yields alternate 
colorings, in this instance, at least 23r-1 2 4 different colorings. There are 
additional numbers of spokes to consider, but we need not go on. We have 
already shown that the coloring is not unique. Similarly, for each 
P( 12r + 9,2) with r 3 1, selecting the first color class to have three equally 
spaced spokes leads to a unique selection for the rest of the class. The 
remaining edges comprise three 14-cycles and 3r - 3 disjoint 8-cycles. Again 
we can form numerous proper 3-colorings, at least 23r- ’ > 4 of them. The 
coloring is far from unique. 
3. OPEN QUESTIONS 
Question 1. Can we determine the number of Hamiltonian cycles in 
P(n, k) with k 2 3? While Hamiltonian cycles have been found in all of 
these instances, they differ from the case k = 2 in that it seems to be much 
more difficult to classify and thereby count all the possible Hamiltonian 
cycles. 
Question 2. Are there any cubic graphs other than P(6m + 3,2) with 
m 2 2 that have precisely three Hamiltonian cycles and yet are not uniquely 
3-edge-colorable? 
Question 3. Is P(9,2) the only nonplanar cubic uniquely 3-edge- 
colorable graph? Fiorini and Wilson [S] have conjectured that it is! 
Question 4. Which other cubic graphs are amenable to having their 
Hamiltonian cycles enumerated? 
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